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SUMMARY 
Lightweight  aircraft  structures  exposed  to  a  high  intensity  noise  environ- 
ment  can  fatigue  fail  prematurely  if  adequate  consideration is ot  given  to  the 
problem.  Design  methods  and  design  criteria  for  sonic  fatigue  prevention  have 
been  developed  based on analytical  and  experimental  techniques.  Most of the 
analytical  work  was  based  upon  small  deflection  or  linear  structural  theory 
which  did  not  agree  with  the  experimental  results.  A  large  deflection  geomet- 
rical nonlinearity  was  incorporated  into  the  analysis  methods for  determining 
the  structural  response  to  high  intensity  noise.  The  Karman-Herrmann  large 
deflection  equations  with  a  single-mode  Galerkin  approximation,  and  the  method 
of  equivalent  linearization  were  used  to  predict  mean-square  amplitude,  mean- 
square  stresses,  and  nonlinear  frequency  at  various  acoustic  loadings  for 
rectangular  panels.  Both  simply  supported  and  clamped  support  conditions  with 
immovable  or  movable  inplane  edges  are  considered.  Comparisons  with  experimen- 
tal  results  are  presented. 
INTRODUCTION 
Vibrations  caused by acoustic  pressure  can  frequently  disturb  the  operating 
conditions  of  various  instruments  and  systems,  and  sonic  fatigue  failures  which 
occurred  in  aircraft  structural  components  cause  large  maintenance  and  inspec- 
tion  burdens.  The  development  of  sonic  fatigue  data  and  design  techniques  were 
initiated  to  prevent  sonic  fatigue  failures.  Design  methods  and  design  criteria 
for  many  types of aircraft  structures  have  been  developed  under  Air  Force 
sponsorship  and  by  the  industry  in  the  past  twenty  years.  Reference 1 has  a 
complete  list  of  the  reports  describing  these  efforts.  This  research  led  to 
sonic  fatigue  design  criteria  and  design  charts  which  are  widely  used  during 
the  design of an  aircraft.  Although  current  analytical  sonic  fatigue  design 
methods  are  essentially  based on small  deflection 01: linear  structural  theory 
(see  ref. 1, page  209),  many  documented  tests  (refs.  2 - 6) on various  aircraft 
panels  have  indicated  that  high  noise  levels  in  excess  of 110 decibels  (dB) 
produce  nonlinear  behavior  with  large  amplitudes of one  to  two  times  the 
*This  work  was  supported  by  the  Air  Force  Office  of  Scientific  Research  (AFSC), 
United  States  Air  Force,  under  contract  F49620-79-C00169. 
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panel  thickness  in  such  structural  panels.  The  neglect of such  large  deflec- 
tion  geometrical  nonlinearity in analysis  and  design  formulations  has  been 
identified as  one of the  major  causes  for  poor  agreement  between  experimental 
data  and  analytical  results.  The  evidence of those  researchers  was  summarized 
in  reference 7, where  a  comprehensive  review of existing  analytical  methods on 
random  excitations of nonlinear  systems  was  also  given. 
In  this  paper,  the  Karman-Herrmann  large  deflection  equations  for  rectan- 
gular  plates  (ref. 8) are  employed.  Using  a  single-mode Galerkin’s  approxima- 
tion,  the  dynamic  equations  reduce  to  a  nonlinear  differential  equation  with 
time  as  the  indeFendent  variable.  The  method of  equivalent  linearization 
(refs. 9 - 11) is  then  applied  to  reduce  the  nonlinear  equation to an  equivalent 
linear  one.  Mean-square  displacements,  mean-square  stresses,  and  nonlinear 
frequencies at various  acoustic  loadings  are  obtained for rectangular  panels  of 
different  aspect  ratios  and  darnping  factors.  Both  simply  supported  and  clamped 
boundary  conditions  with  immovable  or  movable  inplane  edges  are  considered. 
Comparisons  with  experimental  results  are  also  presented. 
SYMBOLS 
Panel  length  and  width 
Panel  dimension  parameters, 27r/a and 2~/b 
Constants 
Bending  rigidity 
Error of linearization 
Young ’ s modulus 
Equivalent  linear  frequency  in  Hz 
Stress  function 
Panel  thickness 
Frequency  response  function 
Spectrum  level 
Mass  coefficient 
Membrane  stress  resultant 
Constant 
Pressure  loading 
Generalized or  modal  displacement 
Aspect  ratio, a/b 
Spectral  density  function of excitation  pressure  p(t) 
Time 
Displacement  of  midplane 
Transverse  deflection 
Coordinates 
Nonlinearity  coefficient 
Nondimensional  nonlinearity  coefficient 
Ratio  of  damping  to  critical  damping 
Nondimensional  frequency  parameter 
Poisson’s  ratio 
Panel  mass  density 
Normal  and  shear  stresses 
I 
w Radian  frequency 
R Equivalent linear or nonlinear radian frequency 
Subscripts: 
b  Bending
C Complementary  solution or critical 
m  Membrane 
M X  Maximum 
0 Linear 
P Particular  solution 
FORMULATIOK AND SOLUTION  PROCEDURE 
Governing  Equations 
Assuming  that  the  effect of both  the  inplane  and  rotatory  inertia  forces 
can  be  neglected,  the  dynamic  von  Karman  equations of a  rectangular  isotropic 
plate  undergoing  moderately  large  deflections  are  (refs. 8 , 12): 
v4F = E (.W2, - 
XY w'xx w,yy 1 
where  w  is  the  transverse  deflection of the  plate,  h  is  the  panel  thickness, p 
is  the  mass  density  of  the  panel  material, D = En3/12  (1-V2) is the  flexural 
rigidity, E is  Young's  modulus, V is Poissorr's ratio,  p(t)  is  the  exciting 
pressure,  and  a  comma  preceding a subscript(s)  indicates  partial  differentia- 
tion ( s ) .  The  stress  function  F  is  defined  by 
( 5 =  
X F'YY 
(5 = F, 
Y  xx 
where Ox, Oy, and T are  membrane  stresses. 
X y  
Simply  Supported  Panels.  For  a  rectangular  plate  simply  supported  along 
all  four  edges  as  shown  in  Figure 1, Chu  and  Herrmann  (ref. 81, and  Lin  (ref. 
13)  have  considered  that if the  fundamental  mode  is  predominant,  the  motion of 
the  panel  can be  represented  adequately  as 
w = q  (t)h  cos (Trx/a) cos (Try/b) (4 1 
where  q(t)  is  a  function of time  only.  The  maximum  value of q(t)  coincides  with 
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t h e  maximum d e f l e c t i o n  wmax d iv ided  by p a n e l  t h i c k n e s s  h. The expres s ion  w 
satisfies the  boundary  condi t ions  for simple s u p p o r t s  
w = w ,  + V W I  = 0, on x = f a/2 
w = w, + v w , ~  = 0,  on y = f b/2 
xx YY 
YY 
S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  w i n  Eq. ( 2 )  a n d  s o l v i n g  f o r  a p a r t i c u l a r  
s o l u t i o n  Fp y i e l d s  
where r = a b .  The complementary   so lu t ion   to   eq l ia t ion  ( 2 )  is  t a k e n  i n  t h e  form 
where  the  cons tan ts  Ex and Ny c o n t r i b u t e  t o  t h e  membrane stresses Ox and Oy and 
are to  be determined from the inplane boundary,  immovable  or  movable ,  
cond i t ions .  
- 
For  the  immovable edges case, t h e  c o n d i t i o n s  o f  z e r o  i n p l a n e  n o r m a l  d i s -  
placement a t  a l l  four  edges  are s a t i s f i e d  i n  a n  a v e r a g e d  manner as 
- V F , = )  - Ji w ~ , ~ ]  dxdy, on x = f a / 2  
where u and v are  inplane  d isp lacements .  For the movable edges case, the  edges  
are f r e e  t o  move as a r i g i d  body w i t h  t h e  a v e r a g e  i n p l a n e  stress equa l  t o  zero.  
The inp lane  boundary  condi t ions  are 
u = c o n s t a n t  
v = cons tan t  
on x = * a/2 
on y = k b/2 
where Nx and Ny are membrane stress r e s u l t a n t s  p e r  u n i t  l e n g t h  i n  plate.  By 
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making  use  of  these  inplane  edge  boundary  conditions,  equations (8) and (91, it 
easily  can  be  shown  that  for  the  immovable  edges 
- 
Nx - 
- q2h2ElT2 
- q2h2ET2 (1 + vr2) 
8a2 C1-v2) 
N =  tr2 + v) 
8a2 C1-v2) 
and  for  the  movable  edges 
- - 
N x = N  = O  
Y 
the  complete  stress  function  is  then  given  by F = F + Fc. 
P 
With  the  assumed  w  given  by  equation (4) and  stress  function  given  by 
equations (6) and (71, equation (1) is satisfied  by  applying  Galerkin's  method 
L(w,F) w  dxdy = 0 
from  which  yields  the  modal  equation of the  form 
and 
w 2 = x o -  2 D  
0 phb4 r2 
m = 'rr2ph2/16 
B = B  + B c =  (B +Bc)- 
P P phb4 
* * D  
with 
which  satisfies  the  clamped  support  conditions 
w = w, = 0, 
X 
w = w, = 0 ,  
Y 
on x = f a/2 
on y = k b/2 
By introducing  equation (15) in  equation (2) and  solving  it,  the  particular 
stress  function  is 
- q2h2Er2 [cos Ax + - cos  By + - cos  2Ax 1 1 1 F = -  
P 32  r4 16 
+ (1 + r2)z cos Ax cos  By + cos  2  By 2 
16r 
where A = 2T/a  and  B = 21~/b.  The  complementary  stress  function is assumed  as 
the form appearing  in  equation ( -7 ) .  Upon  enforcing  the  inplane  edge  conditions, 
equations (.8) and (:9), it can  be  shown  that  for  the  immovable  edges 
- 3q2h2Er2 
Ny = (r2 + V )  
32  a2 (1-V2) 
and  for  the  movable  edges 
- - 
Nx = "Y = O 
the  complete  stress  function is given  by F = Fp + Fc.  Introducing  these  ex- 
pressions  for w and F in  equation (1) and  applying  Galerkin's  procedure  yields 
the  equation 
;;+w 2 q+Bq3=p(.t) 
0 m 
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where 
2 2 D  
0 
w = A o -  
m = 9 ph2/16 
B = 8, + B, = (8, + Bc) - * * D  
phb4 
and 
p =47p (1-v ) [l + 4 + - l +  * 2  2 1 1 
P 3  r l6 (1 + r 16r 
+ -  
4 
+ 1 2 2  + 2(4 + r ) 2(1 + 4r ) 2 2  
* 4 
3-m (1 + 2vr2 + r 4 Bc =  2r 4 
Equation  (13)  represents  the  undamped,  large-amplitude  vibration of a  rectan- 
gular  panel  with  simply  supported or amped  edges, 
The  methods  commonly  used  for  determining  the  damping  coefficient  are  the 
bandwidth  method  in  which  half-power  widths  are  measured at modal  resonances, 
and  the  decay  rate  method in which  the  logarithmic  decrement  of  decaying  modal 
response  traces  is  measured. The  values of damping  ratio 5 range  from 
0.005 to 0.05 for  the  common  type  of  panel  construction  used  in  aircraft 
structures.  Once  the  damping  coefficient  is  determined  from  experiments or
from  existing  data  of  similar  construction,  the  modal  equation,  equation (13), 
now  reads 
The  method of equivalent  linearization  is  then  employed  to  determine  an 
approximate  root-mean-square (RMS) displacement  from  equation (22). 
Method of Equivalent  Linearization 
The  basic  idea of the  equivalent  linearization  (refs. 9 - 11) is  to  re- 
place  the  original  nonlinear  equation,  equation  (221,  with an equation of the 
form 
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where i-2 is  an  equivalent  linear or nonlinear  frequency,  and  err  is  the  error 
of linearization. An equivalent  linear  equation  is  obtained  by  omitting  this 
error  term,  then  equation (23) is  linear  and it can  be  readily  solved.  The 
error of linearization  is 
which  is  the  difference  between  equation (22) and  equation (23).  The  smaller 
that  the  error  is,  the  smaller  the  error in neglecting  it,  and  the  better 
approximate  solution  to  equation (22) will  be  obtained. To this  end,  the 
equivalent  linear  frequency  square R2 in the  linearized  equation  is  chosen i
such  a  way  that  the  mean-square  error  err2  is  minimized,  that  is 
If  the  acoustic  pressure  excitation  p(t) is  stationary  Gaussian  and  ergodic, 
then  the  response  q  computed  from  the  linearized  equation,  equation (231, must 
also  be  Gaussian.  Substituting  equation  (24)  into  equation (25) yields  (refs. 
9, 13) 
where q2  is  the  maximum  mean-square  deflection of the  panel.  Dividing  both 
sides of equation (26) by  D/phb4  yields 
- 
where x2 is a nondimensional  equivalent  linear or nonlinear  frequency 
parameter. 
An  approximate  solution of  equation (23) is  obtained  by  dropping  the  error 
term;  the  mean-square  response of amplitude  is 
where S ( w )  is  the  spectral  density  function  of  the  excitation  pressure  p(t), 
and  the  frequency  response  function H(W) is  given  by 
For lightly  damped (5 < 0.05) structures,  the  response  curves  will  be  highly 
peaked at i-2. The  integration  of  equation (28) can  be  greatly  simplified  if  the 
forcing  spectral  density  function S ( 0 )  can be  considered  to  be  constant in the 
frequency  band  surrounding  the  nonlinear  resonance  peak a, so that 
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In  practice,  the  spectral  density  function  is  generally  given  in  terms of the 
frequency f in  Hertz. To  convert  the  previous  result one  must substitute 
and S (52) =i S (€)/27r 
into  equation (30.) ; the meansquare peak  deflection  is iinply 
32 Sf 
2 '  for  simply  supported  panels 
, for clamped panels 
81<i0x2 
The  pressure  spectral  density  function S(f)/27r  has  the  units  (Pa)  /Hz or (psi) 
/Hz,  and Sf is  a  nondimensional  forcing  excitation  spectral  density  parameter 
defined  as 
2  2 
The  linear  frequency  parameters x, in  equations  (32)  are  given  in  equation (14) 
and  equation  (20). for simply  supported  and  clamped  panels,  respectively,  and 
the  equivalent  frequency  parameters h2 can  be  determined  through  equation  (27). 
Solution  Procedure 
The  mean-square  response q2  in equation (30) (or  equation  32)  is  determined 
at  the  equivalent  linear  frequency  (or x) which  is in turn  related  to 
through  equation (126)  ('or equation 27). To  determine  the  mean-square  deflec- 
tion,  an iterativelrocedure  is introduced.  One  can  estimate  the  initial  mean- 
square  deflection -2 using  linear  frequency Wo through  equation  (30) as 
-0 
This  initial  estimate  of 3 is  simply  the  mean-square  response  based on linear 
theory.  This  initial  estimate of 3 can  now  be  used  to  obtain  refined  estimate 
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equation (30) 'as 
converges on the  n-th  cycle,  the  relation 
becomes  satisfied,  In  the  numerical  results  presented in the  following  section, 
convergence  is  considered  achieved  whenever  the  difference  of  the RMS displace- 
ments  satisfied  the  relation 
Stress  Response 
Once  the RMS displacement  is  determined,  the  bending  stresses on the  sur- 
face of the  panel  can  be  determined  from 
6D 
h 
= "  
'xb (w, + vw, 1 xx  YY 
' = - -  6D 
yb h 
(w, + vw, 1 
YY  xx 
From  equations ( 3 )  and (38), and  using  equations (4) , (6) , (7) and  (lo),  the 
expressions  for  the  nondimensional  stresses on the  surface of a  simply  supported 
panel  with  immovable  edges  are  given  by 
'xb 
2 
b2 2 -= Tr TrX 'rrY 
2 (1-v 1 r a  b 2 (axb + 0 1 - - r   2 (2 + v,)cos - cos -1 q Eh xm Eh2 
Tr 
8r 
2 ~ r ( l + v r )  2 2 2 Is 
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0 b2 b2 IT 2 V TrX 
2 2 a 
” y - ( a  +cT 1:- - 1  (1 + -) cos - cos 3 q 
2 yb Eh 2 (1-v ) Eh r 
2 
IT ~ I T X  2 IT (r +v) 2 2  2 + (8 cos -1 q + 2 a I S  8 r  (1-v ) 2 
(39) 
For movable   inplane  edges,   the  last  term in  equat ior l   (39)   vanishes .   Simi-  
l a r l y ,  f rom  equat ions ( 3 )  and (38) ,   and   us ing   equat ions  (7), (15), (17) ,   and  
(18), t h e  e x p r e s s i o n s  f o r  t h e  n o n d i m e n s i o n a l  t e n s i l e  stresses on t h e  s u r f a c e  
of a clamped panel with immovable edges are 
Oxb “ Tr 2 1  
2 
2 
- 
2 [y COS Ax  COS By) + V (l+cOS A x )  COS By] g 
Eh 2 ( 1 - V  ) r 
+ -  .’,.’ [t COS By + cos  Ax cos  By + - l4cos 2By 
r (l+r2) 4 r  
+ cos 2Ax cos  By + cos Ax cos 2ByIq 2 
(4+r 1 2 2  (1+4r 1 
2 
2 2 
 IT (1+vr 1 2 
32r (1-v ) + [  2 2 
I s  
Tr 
2 
+ - [cos Ax + - 8 4 cos 2Ax + cos Ax cos By 2 2  
(l+r 1 
+ cos 2Ax cos  By + cos Ax cos 2By] q 2 
(4+r2)  
2 2  
(1+4r 1 
3n (r +v) 2 2  2 
32r (1-v + [  2 2 3 s  
where A = 2n/a and B = 21~ /b .  For  movable  edges,  the last term i n  e q u a t i o n  (40) 
vanishes .  
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Examining  equations (39) and  (40) ,  a gene ra l  expres s ion  is  o b t a i n e d  f o r  
t h e  stress a t  a n y  p o i n t  i n  t h e  s t r u c t u r e  as 
a = c q + c q  2 1 2 
where C and C2 are cons tan t s .  The constants  can  be  determined  from material 
propertles, d imens ions  o f  t he  panel, a n d  t h e  l o c a t i o n  a n d  d i r e c t i o n  a t  which 
t h e  stress is  t o  be measured. The mean-square stress is t h e n  r e l a t e d  t o  t h e  
mean-square modal amplitude in a gene ra l  expres s ion  as 
1 
Once the   mean-square   def lec t ion  q is de termined ,   equa t ions  (36) and (37), t h e  
mean-square stress can then be obtained from equation ( 4 2 ) .  
2 
RESULTS AND DISCUSSION 
Because  o f  t he  compl i ca t ions  in  ana lys i s  o f  t he  many coupled modes, only 
one-mode approximation is  used  in  the  fo rmula t ion .  The assumption for funda- 
mental  mode predominacy is admi t t ed ly  ove r ly  s impl i f i ed ;  t he  cond i t ions  unde r  
which t h i s  is  a va l id  approximat ion  remain  to  be i n v e s t i g a t e d .  However, a 
simple model sometimes helps to  g ive  bas i c  unde r s t and ing  o f  t he  p rob lem.  
Us ing  the  p re sen t  fo rmula t ion ,  r e sponse  o f  non l inea r  r ec t angu la r  pane l s  
w i th  a l l  edges s imply supported and a l l  edges clamped subjected t o  broadband 
random a c o u s t i c  e x c i t a t i o n  are studied.  Both  immovable  and  movable  inplane 
edges are c o n s i d e r e d .  I n  t h e  r e s u l t s  p r e s e n t e d ,  t h e  spectral dens i ty   func t ion  
of t h e  e x c i t a t i o n  p r e s s u r e  S ( f )  is c o n s i d e r e d  f l a t  w i t h i n  a c e r t a i n  r e g i o n  
nea r  t he  equ iva len t  l i nea r  f r equency  f and a v a l u e  o f  P o i s s o n ' s  r a t i o  o f  0.3 
is  u s e d  i n  a l l  computations,   unless  otherwise  mentioned.  Mean-square  ampli-  
tudes  and  mean-square  nondimens iona l  s t resses  for  pane ls  of  var ious  aspec t  
r a t i o s  a n d  damping r a t i o s  a r e  d e t e r m i n e d  a n d  p r e s e n t e d  i n  g r a p h i c a l  f o r m .  
These graphs can be used as g u i d e s  f o r  p r e l i m i n a r y  d e s i g n  of a i r c r a f t  panels. 
The maximum mean-square def lect ion can be reasonably  obta ined  f rom these  
f igures ;  however ,  mul t ip le  modes had t o  be  cons idered  for  accura te  de te rmina-  
t ion  of  mean-square  s t resses .  This  has  been  demonst ra ted  by  Se ide  in  
r e fe rence  15 f o r  a simple beam s u b j e c t e d  t o  u n i f o r m  p r e s s u r e  e x c i t a t i o n  a n d  i n  
r e fe rence  16 f o r  l a r g e  d e f l e c t i o n s  o f  p r e s t r e s s e d  s i m p l y  s u p p o r t e d  r e c t a n g u l a r  
p l a t e s  unde r  s t a t i c  un i fo rm p res su re .  Compar i son  wi th  expe r imen t  i s  also given.  
It i s  demonstrated that  the present  formulat ion gives  remarkable  improvement  in  
p r e d i c a t i n g  RMS responses  as compared  wi th  us ing  the  l i nea r  t heo ry .  
Ana ly t i ca l  Resu l t s  
F igure  2 shows t h e  maximum mean-square nondimensional  def lect ion versus  
nond imens iona l  spec t r a l  dens i ty  pa rame te r  o f  acous t i c  p re s su re  exc i t a t ion  fo r  
r e c t a n g u l a r  panels o f  a spec t  ratios r = 1, 2 ,  and 4, and a damping ra t io  0.02. 
It i s  clear from t h e  f i g u r e  t h a t  an inc rease  o f  r w i l l  "close" the  cu rve .  
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This  occurs  because as r i n c r e a s e s ,  t h e  p a n e l  becomes less s t i f f ,  a n d  t h e  
mean-square d e f l e c t i o n  h a s  t o  be f i n i t e .  It can also be  seen  f rom the  f igu re  
t h a t   t h e  mean-square def lect ion of  the movable  inplane edges case is  approxi-  
mately twice as t h a t  o f  t he  immovable edges. 
The maximum mean-square nondimensional stress (bending  p lus  membrane 
stress, a t  t h e  c e n t e r  o f  t h e  panel a n d  i n  t h e  y - d i r e c t i o n )  is  g i v e n  i n  F i g u r e  
3 as a func t ion  of e x c i t a t i o n  spectral d e n s i t y  parameter fo r  s imply  suppor t ed  
r e c t a n g u l a r  panels o f  v a r i o u s  aspect ratios and a damping f ac to r  0 .02 .  
Resu l t s  showed t h a t  t h e  d i f f e r e n c e  o f  maximum mean-square stresses between 
immovable and movable edges i s  small as compared w i t h  t h e  d i f f e r e n c e  o f  mean- 
squa re  de f l ec t ions  be tween  the  t w o  edge  condi t ions .  
F igure  4 shows the  mean- squa re  de f l ec t ion  ve r sus  fo rc ing  spec t r a l  dens i ty  
p a r a m e t e r  f o r  s i m p l y  s u p p o r t e d  s q u a r e  p a n e l s  o f  d i f f e r e n t  damping ratios. The 
corresponding maximum mean-square s t r e s s  ( b e n d i n g  p l u s  membrane stress, a t  t h e  
cen te r  o f  pane l )  i s  shown i n  F i g u r e  5. A s  it can  be  seen  f rom the  f igu re  tha t  
t h e  p r e c i s e  d e t e r m i n a t i o n  o f  damping ra t io  from experiment is  impor t an t ,  e .g . ,  
stress i n c r e a s e s  by  25-30 p e r c e n t  as < i s  decreased from 0.015 t o  0 . 0 1  ( f o r  
S between  5000 t o  20000). f 
P l o t s  o f  t h e  e q u i v a l e n t  l i n e a r  o r  n o n l i n e a r  f r e q u e n c y  p a r a m e t e r  X 
versus mean-square modal ampl i tude  fo r  s imply  suppor t ed  r ec t angu la r  pane l s  of' 
aspect ratios r = 1, 2 , and 4 are shown i n  F i g u r e  6 .  The lowest  value of  X2 
corresponds t o  t h e  l i n e a r  c a s e .  
2 
In  Figure 7,  the mean-square def lect ion is  given as a f u n c t i o n  o f  e x c i t a -  
t i o n  spectral d e n s i t y  p a r a m e t e r  f o r  r e c t a n g u l a r  p a n e l s  o f  a s p e c t  r a t i o s  
r = 1, 2, and 4 and a damping ra t io  0.02. The maximum mean-square def lect ion 
of  the  c lamped panels  is  somewhat much less than  tha t  of  the  s imply  suppor ted .  
The corresponding maximum mean-square nondimensional stress (bending plus 
membrane s t r e s s ,  i n  t h e  y - d i r e c t i o n  a n d  a t  t h e  c e n t e r  o f  t h e  l o n g  e d g e )  v e r s u s  
s p e c t r a l  d e n s i t y  parameter is  shown i n  F i g u r e  8. 
Figure 9 shows the  mean-square  modal  ampl i tude  versus  spec t ra l  dens i ty  
p a r a m e t e r  o f  e x c i t a t i o n  f o r  a s q u a r e  p a n e l  o f  d i f f e r e n t  damping ratios. I n  
F igu re  10 ,  t he  equ iva len t  l i nea r  f r equency  pa rame te r  is  given as a func t ion  
of  mean-square  def lec t ion  for  c lamped rec tangular  pane ls  of  aspect r a t i o s  
r = 1, 2 ,  and 4. 
Comparison with Experimental  Results 
The experimental  measurements on sk in - s t r inge r  pane l s  exposed  t o  random 
p r e s s u r e  l o a d s  r e p o r t e d  i n  r e f e r e n c e s  3 and 4 are used t o  demonst ra te  the  
improvement i n  p r e d i c t i n g  p a n e l  r e s p o n s e s  by u s i n g  t h e  p r e s e n t  f o r m u l a t i o n .  
The s t r u c t u r e  w a s  a s k i n - s t r i n g e r ,  3-bay  panel as shown in  Figure  11. The 
pane l s  were cons t ruc t ed  o f  7075-T6  aluminum a l l o y .  Details o f  t h e  test  
f a c i l i t y ,  n o i s e  sources, tes t  f i x t u r e ,  a n d  test resul ts  a r e  g i v e n  i n  
r e f e r e n c e  3. The i m p o r t a n t  p r o p e r t i e s  o f  t h e  panel are 
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Length a = 68.58 c m  (27 i n . )  
Width  be tween the  r ive t  l i n e s  b = 16.84 cm (6 .63  in . )  
Thickness h = 0.81 mm (0.032 i n . )  
Damping r a t i o  5 = 0.0227 
Po i s son ' s  ra t io  v = 0.33 
Young's modulus 
Weight d e n s i t y  p = 7.164 kg/m3 (0.1 l b / i n .  1 
E = 66.19xlO ma (9.6xlO ps i )  3 6 
3 
The tests were conduc ted  wi th  an  ove ra l l  sound  p res su re  l eve l  (SPL) of 157 dB, 
wi th  a range of L l . 5  dB which corresponds t o  an average  spec t rum leve l  of  
125.26 dB (see Table I V  o f  r e f .  3 or Table  8 of r e f .  1 7 ) .  The c e n t r a l  bay of 
the   +bay  t e s t  p a n e l s  is  s imula ted  by a f l a t  r e c t a n g u l a r  plate.  The l i n e a r  
f r equenc ie s  fo r  bo th  s imply  suppor t ed  ( equa t ion  (14))  and  clamped  (equation 
(20))  suppor t   cond i t ions  are c a l c u l a t e d  a n d  shown i n  Table 1. Test measure- 
ments a n d  f i n i t e  e l e m e n t  s o l u t i o n  are a l so  g iven  fo r  compar i son .  Table 1 also 
shows t h e  e q u i v a l e n t  l i n e a r  o r  n o n l i n e a r  f r e q u e n c i e s  a t  o v e r a l l  SPL 157 dB. 
Table 1. Frequency  Comparison 
N a t u r a l   E q u i v a l e n t   l i n e a r  
f requency f f requency f 
0 157 
Simply supported - Immovable edges 
- Movable edges 
Clamped - Immovable edges 
- Movable edges 
71  32 1 
71  240 
159 
159 
311 
264 
F in i t e   e l emen t ( r e f .   4 )   155  N/A 
Experiment   ( ref .   3)   126,   129 N/A 
Frequency a t  h i g h  i n t e n s i t y  n o i s e  l e v e l  w a s  n o t  r e p o r t e d  i n  r e f e r e n c e  3 .  From 
t h e  r e s u l t s  shown i n  Table 1, it i s  c l e a r  t h a t  t h e  c e n t r a l  bay  of  the  tes t  
panels  d id  not  respond t o  t h e  a c o u s t i c  e x c i t a t i o n  as though it were f u l l y  
clamped  on a l l  four  edges .  This  w a s  also demons t r a t ed  in  F igu res  1 2  and  17  of 
r e fe rence  3 i n  t h e  s e n s e  t h a t  t h e  h i g h e s t  m e a s u r e d  RMS s t r a i n s  d i d  n o t  o c c u r  
a t  the  center  of  the  long  edges .  The c e n t r a l  bay  of t h e  tes t  p a n e l s  a c t u a l l y  
behaved somewhat between fu l ly  s imply  suppor ted  and  fu l ly  c lamped suppor t  
cond i t ions .  
The a c o u s t i c  p r e s s u r e  spectral d e n s i t y  S(f) is  r e l a t e d  t o  the  spec t rum 
l e v e l  L as 
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8.41 x 1 0  (L/10 - 18) (psi) 2 /Hz 
S ( f )  = 
(L/10 - 8 )  2 2  4 x 1 0  (dynes/cm 1 /Hz 
(471 
A s p a t i a l l y  u n i f o r m  w h i t e  n o i s e  p r e s s u r e  l o a d i n g  w i t h  spectral d e n s i t y  o f  
S ( f )  = 2.824 x (psiI2/Hz (or nond imens iona l   spec t r a l   dens i ty  parameter 
Sf = 5100),  which corresponds t o  an  average  spec t rum leve l  L = 125.26 dB, is  
used   in   the   computa t ions .  The RMS s t r e s s e s   ( e q u a t i o n   ( 4 2 ) )  a t  t h e  c e n t e r  of 
the long edges for  s imply supported (equat ion (39))  and clamped (equat ion (40)  ) 
boundary condi t ions are c a l c u l a t e d  a n d  g i v e n  i n  Table 2. 
Table 2 .  S t r e s s  Comparison 
(RMS stress, kps i  a t  o v e r a l l  SPL 157 dB) 
Simply-Supported 
Clamped 
JT 
Linear  Nonlinear Linear  Nonlinear 
Theory Theory Theory Theory 
0.0 0.58 (Im. ) 0.0 3.28(Im.) 
0.17  (Movable ) 2.74  (Movable) 
2.17 1 .12  ( I m . )  6.57  3.84 ( I m . )  
1.32  (Movable)  4.24  (Movable) 
F i n i t e  Element ( r e f .  4 )  2 .4  NA 7.7 NA 
Experiment  (refs.   3,  4 )  
Panel A 
Panel B 
Panel C 
Panel D 
Panel  E 
Average A-E 
0.63 
0.94 
0.78 
1.1 
0.84 
0.87 
2 .2  
2 .9  
2.5 - 
2.2 
2.5 
Table 3 shows t h e  RMS d e f l e c t i o n s  u s i n g  t h e  p r e s e n t  f o r m u l a t i o n .  The 
measured and f i n i t e  e l e m e n t  RMS stresses and RMS d e f l e c t i o n s  i n  r e f e r e n c e  4 
are a l s o  g i v e n  i n  t h e  t a b l e s  f o r  c o m p a r i s o n .  It d e m o n s t r a t e s  t h a t  a better 
cor re la t ion  be tween theory  and  exper iment  can  be  achieved  when large d e f l e c -  
t i o n  g e o m e t r i c a l  n o n l i n e a r i t y  e f f e c t  is  i n c l u d e d  i n  t h e  f o r m u l a t i o n .  
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Table 3 .  Deflection  Comparison 
Simply Supported 
Clamped 
F in i t e   E lemen t   ( r e f .  4 )  
Measured (refs. 3,  4 )  
J- max 
Linear Theory 
8.0 
2.7 
3.1 
Nonlinear Theory 
1.8 (Immovable) 
2.4 (Movable) 
1 .4  (Immovable 1 
1 .6  (Movable 1 
NA 
2.0 
CONCLUDING REMARKS 
An a n a l y t i c a l  method f o r  p r e d i c a t i n g  r e s p o n s e  of r e c t a n g u l a r  n o n l i n e a r  
s t r u c t u r a l  p a n e l s  s u b j e c t e d  t o  b r o a d b a n d  random a c o u s t i c  e x c i t a t i o n  i s  pre-  
sen ted .  The formula t ion  is based  on  the  Karman-Hermann  large  def lect ion 
plate equa t ions ,  a s ingle-mode  Galerk in  approximat ion ,  the  equiva len t  linear- 
i z a t i o n  method,  and an i te ra t ive  procedure .  Both  s imply  suppor ted  and  c lamped 
suppor t  cond i t ions  wi th  immovable or movable inplane edges are considered.  
Panel  mean-square def lect ion,  maximum mean-square stress, a n d  e q u i v a l e n t  l i n e a r  
frequency a t  g i v e n  e x c i t a t i o n  p r e s s u r e  spectral dens i ty  can  be  de te rmined ,  and  
t h e y  are presented  in  graphica l  form.  These  graphs  can  be used as g u i d e s  f o r  
pre l iminary  des ign  of  a i rc raf t  pane ls  under  h igh  noise  envi ronment .  Resul t s  
ob ta ined  ag ree  w e l l  wi th  the  exper iment .  It is s u g g e s t e d  t h a t  f u r t h e r  r e s e a r c h  
b e  c a r r i e d  o u t  w i t h  special a t t e n t i o n  t o  employ m u l t i p l e  modes i n  t h e  f o m u l a -  
t i o n  f o r  accurate determination of mean-square stresses, a n d  a d d i t i o n a l  tes t  
d a t a  on s imple  pane l s  are needed  for  an  adequate  quant i ta t ive  compar ison .  
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Figure 1. Geometry  and coordinates. 
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Figure 2 .  Mean-square deflection versus spectral density 
parameter of excitation for simply supported 
panels, 5 = 0.02.  
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Figure 3. Maximum  mean-square  stress  versus  spectral 
density  parameter of excitation for simply 
supported  panels, 5 = 0.02. 
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Figure 4. Effect of damping on mean-square deflection for a 
simply supported square panel. 
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Figure 5. Effects  of  damping on maximum mean-square 
stress f o r  a simply supported square panel.  
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Figure 6. Frequency parameter versus  mean-square 
def lec t ion  for  s imply  suppor ted  panels .  
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Figure 7. Mean-square deflection versus spectral density 
parameter of excitation for clamped panels, 
5 = 0.02 .  
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Figure 8. Maximum mean-square stress versus spectral  density 
parameter of excitation for clamped panels, 
5 = 0.02. 
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Figure 9. Effects of damping  on mean-square deflection 
for a clamped square panel. 
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Figure lo. Frequency parameter  versus mean-square 
deflection for clamped panels. 
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SECTION A - A  
NOTE: DIMENSIONS IN  INCHES 
Figure  11. S k i n - s t r i n g e r   p a n e l   ( a f t e r  Van der Heyde and 
Smith, ref. 3 ) .  
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